Abstract
Introduction
quantitative information of colonial growth dynamics originated from single cells [2] . 1 Based on the flow chamber microscopy technique proposed in [10] , models for individual cell 2 growth have been developed in [4] and [11] . They are essentially adaptations of the now classical 3 model proposed by [12] to describe the growth of bacteria populations before attaining the 4 stationary phase. It consists of two ordinary differential equations that can be written as:
7 where y represents the natural logarithm of the population size and µ the maximum specific 8 growth rate. Variable a(t) is known as the adjustment function and relates to a certain phys-9 iological state of the population. This variable has been introduced to describe the gradual 10 adaptation of the cells to the new environment. Initially, it takes a small value which increases 11 at a rate proportional to ν up to a maximum of one. This variable induces a delay in the growth 12 of the population size which depends on the inverse of ν (the larger the rate, the smaller the 13 delay becomes) and is employed to model the observed initial lag time.
14
In the context of a single cell growth, the state variable y which relates to the size of the 
4
(2), with random parameters and/or initial random conditions (both described by appropriate 1 probability distribution functions).
2
In [11] the random nature of cell division is modeled by imposing a uniformly distributed ran-3 dom length threshold at which each cell divides. This seems to be also the case in [4], although 4 parameter estimation for cells subject to different heat shock treatments is based on a deter-5 ministic model. However, the connections between such models and the observed distributions 6 of division times have not been clearly discussed yet.
7
Inspired by [3] , a model of cell population dynamics is suggested in [16] that explicitly includes a 8 lag time distribution function. This is in agreement with other well known approximations such 9 as the Weibull or Gamma probability distribution functions [8, 17] . Recently, a model similar 10 to that proposed by [12] with parameters following random distributions has been employed as 11 suggested in [2] to simulated population growth rates.
12
In [5] a population dynamics stochastic model has been proposed for Escherichia coli that makes 13 use of time to division distribution functions to compute the time (the stochastic variable) at 14 which cell division occurs. This information is provided to the algorithm either directly from 15 experimental data (e.g flow chamber microscopy or turbidimetry) or from a Gamma distribution,
16
which has been previously fitted to experimental data.
17
In this work, connections between individual bacterial growth variables and distribution of times 18 to division will be established by a stochastic version of the models proposed in [4] and [11, 18] .
19
The underlying premise is that cell growth is the result of a large number of biochemical reactions 
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18
Stochastic model for single cell growth and division
19
In order to characterize the variability of single cell kinetics within a population, a stochastic division, which when it occurs for the first time also includes the lag-phase period.
7
The model we propose assumes that the specific cell growth rate µ is subject to a stochastic Accordingly, the dynamics for single cell growth is written as a linear time dependent stochastic 12 differential equation:
where {Y (t) ∈ R; t > 0} denotes the random variable which takes values y (y = ln x) at t with 15 a probability P(y, t | y 0 , 0). Function P(y, t | y 0 , 0) represents the conditional probability of
is the particular solution of (2) for a(0) = a 0 , being of 17 the form:
19
The first term at the right hand side of (3) is known as the drift and collects the deterministic 20 size growth dynamics. Stochasticity is added in the second term on the right hand side of (3)
21
where a new parameter ξ is postulated that expresses the intensity of the stochastic fluctuation. independent SDEs:
where ν and ϵ are the corresponding parameters associated to the stochastic adjustment function. additional experimental information, difficult to collect or unavailable in the existing literature.
19
In this contribution, cell growth and division will be modeled by equations (3) and (4). Note
20
however that under appropriate experimental design conditions, the method we propose in this 21 work can be extended in a straightforward manner to estimate those parameters. at the minimization of the differences betweenΛ(T ) and a theoretical TTD Λ(T ; θ), defined as 5 a function of the parameters. Formally the problem can be stated as follows:
where J(θ) is the objective function to be minimized (i.e. the integral over time to division of the 8 square errors between data and model) and θ represents the set of parameters to be estimated.
9
Assuming that growth and division accepts a description based on equations (3) and (4), the 10 theoretical TTD distribution can be computed by the formula:
where P(d, T | y 0 , 0) corresponds to the probability of the cell length reaching for the first time a with a standard ODE solver (ode15s).
1
During first division, cells will undergo adaptation so that a 0 is a positive number (smaller than 2 1) to be estimated. After the second, third and fourth division times cells are assumed to be 3 adapted to the environment so that a 0 = 1 and the estimation reduces to the computation of 4 the growth rate µ and the intensity of the stochastic fluctuation ξ.
5
Optimizers fminsearch and fmincon from the Matlab optimization toolbox have been employed 6 to solve the least squares minimization problem (7), leading both methods to the same results
7
for the cases considered.
8
In order to test the performance of the proposed model to reproduce time to division distri- those obtained from data taken from the literature for E. coli (see next subsection and Table 2 19 for further details). In order to evaluate the effect of the adjustment function on the resulting 20 TTD, two values were considered: a 0 = 0.1 which would correspond to a cell on its first division 21 time and a 0 = 1 for a cell completely adapted that is growing at its maximum specific rate. to Λ (equation (8)).
It must be noted here that apart from the fact that the backward Kolmogorov PDE (equation computing a significant number of realizations by means of the SDE, which usually demands 12 a sufficiently populated ensemble to be constructed beforehand in order to be representative.
13
For the scenarios considered in Figure 1 , the ensemble must be in the order of thousands of 
20
Model performance to describe experimental TTD
21
We investigate the capability of our stochastic model of single cell growth to describe the distri- into account in the model by setting a minimum cell length below which it is assumed that the 10 cell will die.
11
In order to compute the theoretical distribution of times to division (8), we set y 0 = ln x 0 and Figure 3 and Figure 4 . attained by the objective function (denoted as J in (7)). A quantitative measure of the agreement 4 between Gamma distributions and the experimental data is given in the last column of Table 2 , 5 through the corresponding summations of square errors (SSqED-Gamma).
6
As it can be seen in Figures 3 and 4 there is a quite good agreement (corroborated by Kolmogorov-
7
Smirnov tests) between our model and the experimental data for all division times at both tem- and 32 • C, better than Gamma distributions: As shown in Table 2 , the values of the summa- Finally, it is worth noting how similar the values are for the growth rates for the second to fourth showing excellent agreement as it can be seen in Figure 6 . The proposed stochastic model can 9 therefore be used to provide an effective link between single cell growth and cell population 10 dynamics.
11
It can be argued that the model described by (3) is not particularly superior to other construc-
12
tions "fitted" to the experimental data, although it has been shown already to produce a more 13 consistent fit (see Figures 3 and 4) . In this regard, it must be said that the proposed model has Handling division by means of stochastic differential equations as in our approach becomes 7 more efficient both from a mathematical and from a computational point of view.
8
The effect of the initial number of cells
9
In order to test model ability to reproduce the behavior for small populations and to predict The stochastic model (3) was calibrated according to the procedure described in Section 2.
16
Model parameters for the different division times are presented in Table 3 . Comparison be- numbers above 100 individuals as it can be seen in Figure 9d ). This effect can be shown also in
21
Figures 11a-b which depict probability distribution functions at different times for populations 
3
Finally it must be remarked that our model allows the computation of probability (and cumu-4 lative probability) distributions associated to the population as a function of time in a straight-5 forward manner (see Figure 11) . As an example, let us suppose that for the case considered Tables   1   Table 1 
